We discuss the physical nature of elementary singularities arising in the complexified Maxwell field extended into complex spacetime, i.e., in Lanczos-Newman electrodynamics. We show that the translation of the world-line of a bare electric-monopole singularity into imaginary space is adding a magnetic-dimonopole component to it, so that it may be interpreted as a pseudo-scalar pion-proton interaction current. On the other hand, the interaction current of an electric-monopole magnetic-dipole singularity characteristic of a Dirac electron is obtained by another operation on the world-line, which however does not seem to have a simple geometric interpretation. Nevertheless, both type of operations can be given a covariant field-theoretical interpretation, which shows that the corresponding interactions necessarily arise on an equal footing, and which can be generalized to yield further kinds of interaction currents, and therefore to provide a possible link between elementary particle physics and general relativity theory.
Introduction
In 2004 Ezra Newman showed that a generalized form of the Liénard-Wiechert fields, solution to Maxwell's equations extended into complex spacetime, may correspond to the world-lines of a charged particle having a finite magnetic-dipole moment and a gyromagnetic ratio of two [1] . Since such a particle would be a Dirac electron, it is of great interest that earlier work done in this direction could be confirmed and expanded [2, 3] . However, as stressed by Newman, there are great difficulties, both technical because of the complicated mathematics inherited from the general relativity considerations which gave rise to his new approach to the problem of electricity in curved spacetime, and physical because the interpretation of the singularities associated with arbitrary world-lines in complex spacetime is not trivial, even in flat Minkowski space.
The focus of this paper is on the second class of difficulties, mainly because they are closest to the author's domain of expertise, and because the problem of embedding electrodynamics and particle-physics into general relativity is a longstanding unsolved problem, to which Newman's approach might provided a solution if its physical interpretation is fully clarified. This paper is therefore of a cross-disciplinary kind, implying that since its goal is to interpret Newman's world-lines in the perspective of their possible relevance to elementary particle physics, we use a language and a methodology different from his. In particular, instead of congruences of 'world-lines' in complexified Minkowski space, we deal with 'poles' in the complexified Maxwell field, 1 i.e., with 'point-like' singularities which can be put in one-to-one correspondence with world-lines by means of special or general Lorentz transformations. Therefore, in most of this paper, we work in the non-relativistic limit, that is in the rest-frame of the singularities, which is enough to study their distinctive features, and thus to interpret them.
In other words, we assume that the elementary particles known from experiment could correspond to poles in complexified spacetime, and that at least the most common of them -namely the electrons, nucleons, and pions -could in some appropriate low-energy limit 2 correspond to poles in the Maxwell and Dirac fields expressed over complexified spacetime. 3 1 Such poles might be simple spherically-symmetric distributions such as the Coulomb-like potential of electric or magnetic monopoles, or the Yukawa potential of a pion; or more complicated distributions such as, for example, the axially-symmetric intrinsic magnetic-dipole of electrons; as well as combinations of such poles, e.g, the electric-monopole magnetic-dipole combination characteristic of a Dirac electron. 2 By low-energy we mean energies E that are small in comparison to the mass of the heaviest particles under consideration, i.e., the nucleons. Therefore E ≪ 939MeV ≈ 1GeV, i.e., energies that are very low in comparison to current elementary particle research, which is done using accelerators with energies on the order of 1000 GeV. For this reason, the 'parton aspect' of elementary particles (i.e., their modeling in terms of quarks, gluons, etc.), which is the main focus of present-day high-energy physics, is not essential in the energy domain considered in this paper. 3 As is well known, the assumption that in the low-energy limit the nucleons and pions are 'whole particles,' just like electrons and photons, is in good agreement with experiment, and gives a satisfactory description of essentially all of atomic and nuclear physics. In particular, the contemporary theory of nuclear forces is still essentially that of the 1950s, with the difference that the constraints coming from its high-energy limit (in which quark and gluon effects, i.e., quantum chromodynamics effects, dominate) is now better understood [4, 5] . However, essentially the same constraints (from isospin and chiral symmetry) arise from Lanczos's equation of 1929 and its 1932 generalization by Einstein and Mayer [6] .
Fortunately, this idea is not new, and was systematically explored in 1919 already by Cornelius Lanczos in his PhD dissertation [7, 8, 9] . In this dissertation he postulated that electrons and protons could be singularities of the Maxwell field expressed in the formalism of complex quaternions, and showed that this formalism is most appropriate to study such singularities when they are analytically continued into complexified Minkowski space. In particular, to deal with the problem of infinities which necessarily arises when integrating quantities associated with even the most simple singularities, Lanczos had the idea of shifting the origin of the Coulomb potential by a small imaginary amount into imaginary 3-space, so that the Coulomb singularity is no more a point but a circle. This 'circle electron'which as observed by Lanczos has the nice property of yielding a finite Hamiltonian function -will be rediscovered by others, for instance by Newman who saw in it a possibility to endow a bare Coulomb monopole with a magnetic moment [2, 3] .
However, since the Coulomb potential ϕ monopole = e/r is just a scalar in the rest-frame of the electron, the only effect of shifting its origin by an imaginary amount is to add an imaginary part to the potential, and therefore to make it complex instead of real. While this complexified scalar potential leads to an electromagnetic field having some of the characteristics of a magnetic dipolar field, it is nevertheless unsuitable to yield the exact field of an intrinsic magnetic dipole. Indeed, such a field derives from the vector potential A dipole = ( µ × r)/r 3 , not from a scalar potential. Thus, the interpretation of the singularities obtained by displacing a world-line into complexified spacetime is more complicated than anticipated by Newman.
As will be shown in Section 5, what is actually generated by means of a Lanczos-Newman's infinitesimal 'imaginary scalar translation' is a pseudo-scalar field which could possibly be associated with the pion field of a nucleon. The intrinsic magnetic dipole field characteristic of a Dirac electron is obtained by a different transformation: An infinitesimal 4 'imaginary quaternion operation' which is adding a vector part to Coulomb's scalar potential so that it becomes the 4-potential of the electromagnetic field of a Dirac electron which, in its rest-frame, is the biquaternion
In order for such operations to be possible and meaningful it is necessary to write Maxwell's field as a complex field over complex spacetime, and to correctly 4 The magnitudes of the transformations considered in this paper are infinitesimal in the sense that they correspond to lengths characteristic of elementary particles, i.e., to displacements characterized by their classical electromagnetic radius -the Thomson length e 2 /mc 2 , or by their Compton wave-length, c/mc 2 , which are on the order of 10 −15 m. associate the poles and sources of that field to elementary particles. This requires a theory in which both Maxwell's and Dirac's equations are expressed over the same space, i.e., everyday's Minkowski spacetime extended to complexified spacetime by analytic continuation, and a common formalism which can handle the photon, electron, and possibly other particle's fields consistently. Such a formalism has been developed by Cornelius Lanczos in 1919 for Maxwell's equations [7, 8, 9, 10] , and in 1929 for Dirac's equations [11, 12, 13, 14] . 5 Lanczos's formalism is briefly reviewed in Sections 2 and 3. It is based on Hamilton's biquaternion (i.e., complexified quaternion) algebra B, which is defined by the non-commutative product 6
where a, b ∈ C are complex scalars and A, B ∈ C 3 are complex vectors. Using this unique multiplication rule, which provides a very straightforward and general formulation of special relativity for both integer and half-integer spin (i.e., bosonic and fermionic) fields, it is possible to formulate not just Maxwell's and Dirac's theories, but the whole of relativistic quantum field theory in a concise and consistent way which avoids many of the complications required by the standard formalism [17, 18] . Moreover, while it is well known that basic 4-vectors such a the 4-position X = ict + x, or the 4-momentum P = E − ic p, can most naturally be written as biquaternions, it is important for the purpose of this paper that the fields and singularities associated with elementary particles can also be expressed as biquaternions, e.g., (1.1).
Section 4 is a simplified discussion of the elementary point-like singularities which appear in a biquaternion field theory, namely the monopole, dipole, dimonopole, and Yukawa singularities. The main objective of this discussion is to show that a magnetic dimonopole (a scalar-potential singularity) produces the same magnetic field as a magnetic dipole (a vector-potential singularity), except at the origin where the two singularities produce different delta-function-like fields. Therefore, despite their similarity for r = 0, the dipole and dimonopole fields correspond to entirely different physical particles.
In Section 5 we first show that the Lanczos-Newman translation leading to the 'circle electron' singularity yields a pseudo-scalar-potential rather than the vector-potential of Dirac's electron magnetic-dipolar field, and then we derive the operation which yields the correct potential for that field.
In Section 6 we give a covariant field-theoretical interpretation of the scalar and quaternion operations which lead from the bare electric-monopole potential of classical electrodynamics to the proton-pion and electron-photon interactions potentials of quantum theory.
In the conclusion, Sec. 7, we return to Newman's papers to discuss the relevance and possible implications of the results presented here, and to stress the amount of work which remains to be done in order to fully assess the value of the Lanczos-Newman approach to the problem of elementary particles in special and general relativity.
Lanczos's formulation of Maxwell's equations
The fundamental quantity in Lanczos's biquaternion 7 formulation of Maxwell's equations is the Silberstein-Conway electromagnetic field bivector B which combines the electric and magnetic fields in a single complex vector (which transforms as a 6-vector, i.e., B → L * BL + in a Lorentz transformation 8 )
This bivector should not be confused with the Faraday-Kilmister electromagnetic field tensor, which in biquaternions corresponds to the linear function 9
Maxwell's equations are then [7, 17] 
where A is the 4-potential (which transforms as a 4-vector, i.e., A → LAL + in a Lorentz transformation)
Hamilton introduced the prefix 'bi-' to indicate that some quantity is complexified. For example, Hamilton called a complex number a 'biscalar.' 8 A general Lorentz transformation, i.e., a rotation followed by a boost, or vice versa, is simply a unit biquaternion L ∈ B such that LL = 1. 9 The symbol ( ) is embracing the argument of a function, whereas the symbol [ ] is a place-holder indicating where this argument goes in the function, taking non-commutativity of quaternions into account. and C the non-rationalized source 4-current density, which is related to the usual rationalized charge-current density
by the equation
In equation (2.3) the operator ∇ is the four-dimensional generalization of Hamilton's differential operator ∇, i.e., 7) and the operator ∧ means that the scalar part is discarded so that B is a bivector as it should be according to (2.1). By keeping all parameters real, and interpreting i as a device to get Minkowski's metric with Hamilton's real quaternion product, equation (2.3) can be seen as just another way of rewriting Maxwell's equations in a form which is equivalent to the more standard tensor, vector-algebra, or differential-form formulations. However, if we follow the suggestion of Lanczos and Newman, and thus accept the complexification of the potential, fields, and sources, as well as any kind of transformation on or between their scalar and vector parts, including (possibly complex) transformations of the coordinates, we get generalized types of electric and magnetic fields which are considered as 'unphysical' in the standard interpretation of Maxwell's field as a real field over real Minkowski space. 10 In this paper we interpret these generalized biquaternionic fields in terms of experimentally known elementary particle fields. The reason why such an interpretation makes sense is that, as discovered by Lanczos [11, 12, 13] , there is a very close relationship between the complexified Maxwell field and the standard Maxwell, Dirac, Proca, and Yukawa fields, which can all be interpreted as distinct subfields of a complex 'Lanczos field' [6, 14, 19 ].
Lanczos's formulation of Dirac's equation
Soon after the publication of Dirac's famous paper in which the quantum field of the electron was expressed in an abstract space using four-dimensional matrix algebra, Lanczos showed that Dirac's equation could be expressed in everyday's spacetime 10 In the biquaternion formalism the standard Maxwell field corresponds to the restriction to bireal potentials, i.e., such that A = A + , which have 4 real components instead of 8. just like Maxwell's equations, and that working solely with vector algebra in its original form, namely biquaternions, one could dispense of any sophisticated formalism such as the cumbersome 'Dirac matrices.' In fact, as the titles of his three papers suggest, The tensor analytical relationships of Dirac's equation [11] , The covariant formulation of Dirac's equation [12] , and The conservation laws in the field theoretical representation of Dirac's theory [13] , Lanczos was motivated by showing that Dirac's equation had a perfectly sensible and straightforward tensor interpretation, just like Maxwell's, Einstein's, and all other fundamental equations of physics.
Lanczos showed that the Maxwell and Dirac fields are just two distinct 11 subfields of a more general field, which he could not interpret. But with todays hindsight that interpretation is not difficult, and it readily seen that the full Lanczos field is perfectly suited to express the physics of the interactions of photons and electrons and their weak-isospin partners, namely the weak-interaction intermediate-bosons and the neutrinos, exactly as given by today's 'Standard Model' of electro-weak interactions [6] . Moreover, as shown by Feza Gürsey, Lanczos's field can easily accommodate strong interactions, at least in the low-energy limit in which these interactions are given by the charge-independent theory based on pseudo-scalar pion fields [15] .
In Lanczos's representation the Dirac field is a biquaternion D ∈ B satisfying the Dirac-Lanczos equation [11, eq. 63]
and transforming as a 4-spinor, i.e., D → LD in a Lorentz transformation. Here A is the electromagnetic 4-potential (2.4), α = e 2 / c the electromagnetic coupling constant, ℓ = /mc the Compton wave-length associated with the mass m, and ν an arbitrary unit vector. 12 While Lanczos's form is fully equivalent to other forms of Dirac's equation, its major virtue is the presence of a complex conjugation on the right hand side, which explicitly shows that Dirac's and Maxwell's equations are fundamentally different because that conjugation operation implies that Dirac's field is fermionic, and therefore obeying Pauli's exclusion principle, whereas Maxwell's field is bosonic [19] .
For the purpose of this paper we do not need more than Dirac's bilinear 11 For an instructive discussion of the fundamental differences between the Maxwell and Dirac fields see [19] . 12 This unit vector defines a axis relative to which quantities such as the spin are quantized. Its arbitrariness corresponds to the freedom in the choice of a set of anticommuting matrices in Dirac's representation. The presence of this non-scalar factor in the Dirac-Lanczos equation insures that the field D is of spin-1 2 exclusively, and therefore cannot be of spin-1 as Maxwell's for example.
covariant quantities, 13 that is: Dirac's conserved 4-current 14 C and spin pseudo- as well as the so-called Gordon decomposition of C, which is a trivial algebraic identity deriving from (3.1) and (3. 2) that we write in the general form given by Gürsey [20, p. 50-52], i.e., 15 1
In this decomposition the first two terms correspond to the convection current, which would exist even if the electron had no spin, and the last one to the polarization current, which is due to spin. The linear function 16
is the electric convection scalar, and the linear function
the electromagnetic moment bivector. Comparing (3.4) and (3.6), we see the magnetic moment of a Dirac electron is given by
(3.7) 13 In Lanczos's formalism the 16 bilinear covariant quantities of Dirac's theory (two 4-vectors, one invariant biscalar, and one 6-vector) can immediately be written down in explicit form without the need of operators as in Dirac's matrix formalism. 14 In this paper we write Dirac's conserved probability density 4-vector as an electromagnetic current density, which is why we include the electric charge e in its definition. Probabilitycurrent and electromagnetic charge-current density conservation are then expressed by the identity ∇ · C = 0. The use of the same symbol C for Dirac's current (3.2) and for the source current in Maxwell's equations (2.3) is consistent because this is precisely how the Dirac and Maxwell equations are coupled in field theory, namely by having common A and C.
Elementary singularities in polar coordinates
In this section we consider the simplest point-like singularities which occur in three-dimensional space, and which for convenience we assume to be located at the origin of a polar coordinate system. This requires a general method to deal with functions in the variable r ∈ R 3 that are singular at the origin of a spherical coordinates system {r, θ, φ} where r = | r|. Because the derivative of the absolute value | r| is discontinuous at r = 0, this method must rely on distribution theory to take into account the δ-singularity which arises when differentiating | r|. An example of such a method is Tangherlini's algorithm for differentiating at the origin in polar coordinates [21, p. 511-513] .
In this paper, however, we will use a more general method which has the advantage of being suitable for making linear as well as nonlinear calculations with singular functions. This method is presented in simplified form in [22, 23] and in a fully rigorous manner in [24] . For the purpose of the present paper this method consists of replacing the Coulomb potential e/| r| by the potential eΥ(r)/r where the nonlinear generalized function Υ(r) has the properties d dr Υ(r) = δ(r), and
where F (r) ∈ C ∞ is any smooth function of r, which are similar to the properties of Heaviside's step function.
Monopole singularity
Starting from the Coulomb potential of a point-charge,
which may be either an electric-monopole of charge e, or a magnetic-monopole if e is replaced by ie, we get the field 
Dipole singularity
The dipole singularity, which through extensive experimental verification is found to very precisely characterize the intrinsic magnetic dipole moment of elementary particles such as the electron, is given by the vector potential
where | µ | has the dimension of a charge times a length. The calculation of the magnetic field is straightforward. We get
The first term in this expression is well-known, but the one with a δ-function is rarely mentioned in text books. However, when integrated over 3-space, this second term gives the contribution [25, p. 184]
which is essential in calculating the hyperfine splitting of atomic states [26] .
We can now calculate the sources. As expected, the magnetic charge density is zero 4πρ d ( r) = ∇ · H d ( r) = 0, (4.9)
while the rationalized current density is
(4.10)
Using this current density we can now calculate the magnetic moment by means of the standard expression [25, p. 181] to get
Therefore, although there are actually no 'circulating currents' in the point-like distribution (4.10), the magnetic moment calculated with the formula derived for a localized current distribution gives the correct answer.
Dimonopole singularity
The dimonopole singularity corresponds to the field produced by two electric (or magnetic) monopoles of opposite charge separated by an infinitesimal distance | λ|. The potential for such a field is therefore
At large distance, or at vanishingly small separation λ, we can take for this potential the first term of the Taylor development, i.e.,
From there on it is possible to calculate the field and the source by either recursively applying the gradient operator on (4.13), or by applying the operator ( λ · ∇)( ) on the field (4.3) and the source (4.4) of a point charge. Either way, we get for the field the expression
where we have defined µ = e λ. Expression (4.14) is remarkably similar to the corresponding expression (4.7) for an intrinsic dipole, and it can be seen that the difference between a dipole and a dimonopole field is entirely contained in the point-like singularity at the origin, i.e.,
As a result, when integrated over 3-space, the dimonopolar δ-singular term gives the contribution [25, p. 141]
which differs in sign and in magnitude from the corresponding expression (4.8) for an intrinsic dipole. It is this difference which enables to conclude that the dipolar fields from distant stars are produced by magnetic dipoles, rather than by magnetic dimonopoles [26] .
We can now calculate the sources. As expected, the current density is zero 4π j dm ( r) = ∇ × H dm ( r) = 0, (4.18)
while the rationalized charge density is 19) i.e., a distribution that is odd in r so that the total charge is zero, as it should be for a dimonopole. We can finally calculate the first moment of this charge density by means of the standard expression for a charge distribution [25, p. 137 ]. This gives
a result which illustrates again that despite the great similarity of their fields at a distance from the origin, the dipole and dimonopole singularities are in fact very different.
Yukawa singularity
It is possible to generalize the monopole distribution by multiplying it by a scalar function f (r). However, from a physical point of view, the most interesting generalization of this type is the Yukawa distribution of low-energy pion-exchange strong-interaction. Its potential, field, and 'current' are 17 ϕ y ( r) := g 1 r e −mr Υ(r), The main difference with the monopole singularity is the presence of the 'mass term' on the right of (4.23), i.e., the expression m 2 ϕ y ( r) which is proportional to m 2 and characteristic of a massive particle. The term containing the δ-function is then interpreted as the 'source,' which has the charge q = d 3 Ω ρ y ( r) source = g. 
Physical particles in Lanczos electrodynamics
The first singularity which comes to mind when considering classical electrodynamics is the electric monopole, i.e., in the non relativistic limit, the Coulomb potential
and its relativistic generalization, the Liénard-Wiechert potential
where the radial distance r is replaced by the retarded distance ξ and the 4-velocity U(τ ) defines the world-line of the singularity parametrized by the proper time τ . However, neither of these potentials corresponds to a physical particle since, as known from experiment, a physical electron is endowed with a magnetic dipole moment, so that the potential associated with a Dirac particle is a monopole-dipole singularity, i.e.,
Moreover, besides from being distributions rather than ordinary functions, the potentials (5.1) and (5.2) present other difficulties: They lead to infinite selfenergies, and to an infinite Hamiltonian function. It is to find a cure to this second problem that in his doctoral dissertation of 1919 Lanczos proposed to shift the singularity at the origin of (5.1) by a small imaginary translation into complex spacetime [7, p. 55] . In this case the singularity is no more point-like but a circle in C 3 , hence the name given by Lanczos to this shifted singularity: The 'circle electron.' Mathematically, if for simplicity we confine our discussion to the non-relativistic case and to infinitesimal translations, which should be enough to get the essential features of the physical differences between the point electron and the circle electron, we can represent the shifting of the origin by the imaginary vector i λ by means of the scalar operator
(5.4)
Then, applying this operator to the Coulomb potential (5.1) we get
i.e., a monopole-dimonopole potential on the first line, and on the second line a δ-function term which can be discarded. 18 In other words, by means of Ω sca ( ), we have added to the Coulomb potential (5.1) an imaginary dimonopole potential of the form (4.13). Since in Lanczos-Newman electrodynamics ∇ϕ = − E − i H, the effect of such an imaginary scalar potential is to produce a magnetic field which -away from the origin -has a dipolar form. This led Newman to conclude that the effect of the imaginary translation (5.4) is to induce a magnetic dipole moment [2, 3] . However, as seen in Secs. 4.2 and 4.3, where the differences between the dipole and the dimonopole singularities were discussed, this is not the case. In particular, the magnetic dipole field derives from a vector potential, while the only effect of the operator (5.4) is to make the scalar potential (5.1) complex instead of real. Moreover, in the standard interpretation of Maxwell's field, imaginary contributions to the scalar potential correspond to 'magnetic poles' which are normally excluded by Maxwell's inhomogeneous equations.
What is then the physical interpretation of the monopole-dimonopole singularity (5.5) ? Could there be a relation between the 'dimonopolar part' of this complex scalar potential and the physics of low-energy pion-nucleon interactions which are known to be accurately described by a complex scalar field ?
Let us therefore review the theory of pseudo-scalar pion-nucleon interactions in its most simple form, that is in which the nucleons (i.e., protons and neutrons) are described by Dirac's equation, and the neutral pions by the scalar field ϕ solution of the second order equation, [27, p. 9] or [28, p. 436] , ∇∇ + ℓ −2 π ϕ = gℓ π (i ν · ∇)ρ(r). Here ρ(r) is the nuclear matter distribution source of the pion field, ν the nucleon spin axis as in Dirac-Lanczos's equation (3.1), ℓ π = c/m π c 2 the Compton wave-length associated with the pion mass, and g the strong interaction charge. Assuming that the nuclear distribution is that of a point-like nucleon, i.e., ρ(r) = δ(r)/4πr 2 , this equation admits a static solution
which in the limit of a mass-less pion, m π → 0, reduces to
i.e., to the dimonopole term on the right hand side of the first line of (5.5). Therefore, the effect of translating the Coulomb singularity into complex space by 4πei λ = gℓ π i ν is equivalent to inducing a pseudoscalar interaction potential, formally similar to the dimonopole potential (4.13), which can here be interpreted as corresponding to the well-known pion-nucleon interaction at low-energy. 19 Having shown that the imaginary scalar operator (5.4) is generating a strong interaction potential, it is natural to ask whether the magnetic interaction potential which corresponds to the vector part of the electron potential (5.3) could also be derived from the Coulomb potential by an operator of a similar type. The answer is immediate, and it is easy to verify that (5.3) can be derived from (5.1) by means of the imaginary quaternion operator (5.9) i.e.,
provided e λ = µ and the δ-term arising from Υ(r) is discarded as in (5.5) .
In summary, we have found that starting from the Coulomb potential -which corresponds to a hypothetical spinless charged-particle which would have only 'electric' interactions in its rest frame -we can derive both the magnetic-dipolar interaction potential of a physical electron, and the pseudo-scalar pion-nucleon interaction potential characteristic of low energy strong interactions, simply by applying the operators Ω sca and Ω qua to the world-line of the Coulomb singularity moving in biquaternionic spacetime. Moreover, combining these results, we can immediately write down the 4-potential which in Lanczos's electrodynamics corresponds to a proton, i.e., 20 11) and from (4.21) the associated potential of the massive neutral pion field ϕ π ( r) = gi 1 r e −r/ℓπ . (5.12)
These results were obtained in the non-relativistic limit, but there should be no reason why they would not generalize to the relativistic case and to arbitrary world-lines. The work of Ezra Newman in the general relativistic context [1, 2, 3] , which is essentially based on the scalar translation operator Ω sca , is therefore of great interest. In particular, as stressed by Newman, it is important that the displacement Ω sca is not an ordinary Poincaré translation (under which all physical laws are invariant) but an imaginary translation which by complexifying a scalar potential is leading to 'new' physics -what is indeed the case since starting from a pure Maxwell field we get strong interactions. Similarly, the operation Ω qua is not an ordinary rotation or boost 21 (which would leave the physics invariant) but a biquaternion operation which is transforming a bare Coulomb potential into the biquaternion potential (5.3) of a Dirac electron. In other words, it is by these 'non-orthodox' operations that we are possibly gaining some new insight into the nature of spacetime and elementary particles, something that was anticipated by Cornelius Lanczos in 1919 already, as well as in another context by Albert Proca in a largely forgotten line of research that he initiated in 1947, see [29] .
Covariant field-theoretical interpretation
The main results of this paper are the operations Ω sca and Ω qua , defined by equations (5.4) and (5.9) , which lead from the potential, field, and source of a bare monopole singularity (which cannot be associated with any known physical particle) to the corresponding distributions which characterize the physically well established pion-nucleon and photon-electron interactions. While the scalar operator Ω sca may correspond to an infinitesimal imaginary translation which has the effect of adding an imaginary part to a real monopole singularity, the interpretation of the biquaternion operator Ω qua , which is adding an imaginary vector component to this monopole singularity, does not seem to have such a simple geometric interpretation. In fact, as will now be shown, it may be that the interpretation of Ω sca as an imaginary translation could be a mere coincidence, and that in fact the two operations Ω sca and Ω qua have a completely different interpretation.
Suppose that we start from a solution B(X ) of Maxwell's equations (2.3) such that for X = 0 we have ∇B = 0. (6.1)
If we exclude fields such that ∇B = 0 for X = 0, this solution will therefore have 21 Since there is some resemblance between Ω qua and a rotation by an imaginary angle iθ about an axis ν, we recall the infinitesimal form of such an operation acting on the coordinates, which is the scalar operator Ω rot ( ) = 1[ ] − r · (i λ × ∇)[ ] where λ is now the dimensionless vector λ = θ ν. a δ-like source, as is the case, for example, of the monopole field. Then, taking any constant quaternion Q transforming as a 4-vector in a Lorentz transformation, we can build expressions such as, for example, 
which since Q is a constant can be rewritten as
so that starting from the solution (6.1) we have derived the new solutions
In the special case where Q reduces to the vector µ in the rest frame, i.e., if Q = L µL + , and if we restrict ourselves to the stationary case in which ∇ reduces to ∇, we recognize the non-trivial parts of the operators Ω sca and Ω qua . Thus, we have just proved that these operators lead from a given solution of Maxwell's equations to new solutions, which in the case where B is the bare Coulomb/Liénard-Wiechert field are simply the pion-nucleon and photon-electron interaction fields, and that -most remarkably -a fully covariant treatment necessarily leads to both of these interactions on an equal footing! Finally, since a suitably normalized Dirac field D can be put in one to one correspondence with a special Lorentz transformation [30] , the quaternion Q can formally be related to Dirac's pseudo-vector Σ = D νD + given by (3.2) where D = L if DD = 1. This enables to write the covariant expressions
)
where s = DD given by (3.3) normalizes Ω qua so that it yields the Dirac-electron potential (1.1) with µ = 1 2 eℓ ν as required by (3.7), and where the normalization 22 The operator '•' means taking the scalar part of the product of the two adjacent quaternions.
of Ω sca is left open by leaving the coupling constant g undefined. 23 Therefore, the covariant operators (6.6) and (6.7) can be interpreted in two ways: First, as operators where Σ is related to an arbitrary special Lorentz transformation D = L = BR with B any boost and R any rotation (in which case s = 1); second, as operators where Σ and s are related to a solution of Dirac's equation interpreted as defining an arbitrary world-line in spacetime [20, 30] .
Conclusion
To conclude let us return to the references [1, 2, 3] and make a few comments:
• In his paper of 1973 Ezra Newman rediscovered Lanczos's 'circle electron' and the possibility that the magnetic field which derives from it in a complexified Maxwell theory could correspond to the intrinsic magnetic dipole moment of an electron [2] . In fact, as we have shown in this paper, this field does not correspond to a magnetic dipole, but rather to a magnetic dimonopole, as should be the case since it derives from a scalar potential rather than from a vector potential.
• In his paper of 2002 Ezra Newman revived another consequence of embedding the real Maxwell field and the real linearized Einstein equations in complex Minkowski space: The possibility of interpreting magnetic moment and spin angular momentum as arising from a charge and mass monopole source moving along a complex world-line in the complex Minkowski space [3] . This lead him to show that in the proper circumstances the gyromagnetic ratio of the singularity would by g = 2, i.e., that of the Dirac electron. Since according to the present work the world-line obtained by simply translating it by an imaginary amount into complex space is that of a dimonopole, the conclusion of Newman should be rephrased accordingly.
• Finally, in his paper of 2004 Ezra Newman considerably increased the value of his earlier considerations about world-lines displaced into complex space by showing how such world-lines, and their association to the relativistic and causal generalization of the Coulomb field -the Liénard-Wiechert fieldsnaturally arise as solutions of Maxwell's equations in complex spacetime [1] .
It would therefore be of great interest to make a direct connection between these findings and Maxwell's equations written in Lanczos's formalism. In particular, using the biquaternion spinor techniques developed by Paul Weiss [31] , it could be that much of the complicated calculations leading to these results could be simplified.
In conclusion, the possibility that Lanczos's electrodynamics and Lanczos's formulation of Dirac's theory could provide a connection between elementary particle physics and general relativity theory appears to be promising. 24 In particular, it is striking that in the context of a simple extension a classical electrodynamics into complex space a rather trivial imaginary translation operation could lead to the correct form of the low-energy pseudo-scalar pion-nucleon strong interaction, and that by a fully covariant treatment the intrinsic magnetic dipolar interaction of a Dirac particle would necessarily arise on an equal footing. This could mean that the well-known formal similarities between magnetodynamics and low-energy strong interactions, see [27, p. 3-10] and [28, p. 434-439] , are not just accidental but of a fundamental nature [18] .
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